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it follows that the stress across the plane z is at each point directed
radially from the point of application of the load. The magnitude
of this stress is

W vALr (%=1
2r {(VAO~-Ly'—(F+L}t '\, n/’
where P =at+y'+4

P = w?+y’+z’/y,,

1
r: = '+ +2y,.

To pass to the case of the isotropic solid, put.
n=1+e, yy=1+¢,
where e,, €, ultimately vanish. A Then

1 '——l- = ?i’
g2
1 2

and _— = Tt e
VY —V'n ‘-1""1

Hence in the limit the stress becomes

3W 2
Or o’

and this is Boussinesq’s result.

(e,—e;) + &e.
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I. Equidistant Bounding Ordinates.

1. The formulm to be considered are those giving the area of a
curve in terms of & series of equidistant ordinates, the two extreme
ordinates forming the boundary of the area in question. Thus, if

Zyy 21y Zay eeny B

denote the ordinates, at successive distances h, and if the corre-
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sponding abscissm are
Ty By = T+ hy 2y =@+ 2k, .y Ty = Tyt mb,

the area to be determined is
T
A= j S (@) da,
o

‘where 27y = f ()

n=f (wl)

zn=f (@)

Tt is assumed that z = f(«) is positive throughout the whole range
considered. '

I'he most simple rule is the ¢rapezoidual rule, which gives
A=h(z+5+n+.. +2.0+52.). L
Simpson’s rule, for cases in which m is even, gives
A = 3k (2y+ 42+ 22+ 4z + 22,4 ... + 22, o+ 42,000 + 2), (2)
the coefticients from 2, to z,,_, being alternately 4 and 2.
Simpson’s second rule, for cases in which m is a multiple of 3, gives
A = 3h (2y+ 32, +32,+ 22, + 32, + ... +22,,.3+ 32, 2 +32..1+2.), (B)
the sequence of coefficients from z, to z,., being 3, 3, 2.
Weddle's rule, for cases in which m is a multiple of 6, gives
A = 3h (5,4 52, + 2,4+ 625+ 2, + Bzg + 225+ ...
oo 422, g+ 52umsF ZnosF620aF 2+ 52 F2u)y (4)
the sequence of coefticients from z, to z,,., being 5, 1, 6, 1, 5, 2.

These are the rules that are best known.

2. The latter three rules are usually regarded as being obtained as
follows.

For Simpson’s rule we pass a parabola through the tops of the
ordinates z, 2, z,; and we find that the area bounded by this para-
hola and the ordinates z; and 2, is

3h (2,+ 42+ 23).

§ 2
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This aren is substituted for the true area of this portion of the curve.
Similarly, for the area between z, and z,, we get

3h (z;+425+2,),
and so on.- Adding together all these areas, we get (2).
In the same way, for Simpson's second rule, we pass a parabola of

the third degree through the tops of four consecutive ordinates, and
obtain, for the area bounded by z, and z,

8h (zy+ 32,4 34, +;,).
Proceeding as before, we arrive at (3).

Weddle's rule is obtained in the same way, by passing a parahola
of the sixth degree through the tops of seven consecutive ordinates;
but the expression for the area of this parabola is slightly altered, so
a8 to give & result which is simpler for purposes of nnmerical com-
putation.

The formule may, however, be regarded in another way. Let 4,
denote the area given by the trapezoidal rule (1), so that

'Al = h (%Z°+Zl+23+.--+zm-l+%zm)- (5)

Now suppose that m is even ; and let A4, denote what 4, would be-
come if we left out of consideration the alternate ordinates z, z, ....
z,-1. .Then we have

A, =2h (%Zo+zl+zi+“' +2,_4 +%5m), (6)
and Simpson’s rule may be written
A= 2441'; {13, 7

Again, suppose that e is a multiple of 3; and let A, denote what
A, would become if we left out of consideration the ordinates

21y By Zgy Zgy ooy Pmegp Fm-n Fm-py toking only every third ordinate.
Then

Ay = 8h (Fr, 2zt 24+ ... + 53+ 350), (8)
and Simpson’s second rule may be written
A= 9_‘4;1_8_;‘15 9)

Finally, let m be a multiple of 6. Then Weddle’s rule may be written

= 154,—64,+ 4,
= DA=S 44, (10)
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3. Let 2/, 2", ... denote the differential coefficients of z = f (x) with
regard to . Then the exact area under consideration is given by the-
Enler-Maclaurin formula

A =h 3gt 2,425+ coet 2oy +32.)

+L lh"+]—32h“"- ,h°z+ ] » (A1)

where B,, I, B,, ... are Bernoulli's numbers, and

(¢ @]
denotes ¢ (z,) —ol(a,).
Thus, with our previous notation, we have
A=A+ [— D+ °7‘ ;ht+]:% (12)

The formnla (12)is exact ; and we shall also get an exact expression
by the same formula in terms of z,, zy, ..., 2, when m is even. Thus,
writing 2k for ., we have

—_ _B 7.9, 7 ’f 4‘11/_ ]} 0,7 ]’::x’"
A= a4 [ - Prowrs oy~ Dy T (3)

Multiplying (12) and (13) by & and —3 respectively, and adding,

we find
4'A Ae |: B 2) s 4 13_“5_1 f,v T"
A= -5 +3 —2) I 6!(2 2 1Y — .. i
(14)
Comparing this with (7), we see the amount of error involved in

using Simpson’s rule (2). Similarly, for Simpson’s second rule, we
have as the true formula

=

A= 94, ; —A, +3 l: n —3Y 1 t]’l: =3 h"z'__.m]z o

4:‘ =Xy !
(15
and for Weddle’s rule
A= }1:/1___ 16(;1 2+ Ay +% [_é1?(35_6_20+1 BLY AN ]’ N

(16)



262 Mr. W. F. Sheppard on some [June 14,

4. To extend these formulwm, let f denote any one of the factors
of m (including 1 and m), and let us write

A= fh (3204 2+ 20+ oo 2o+ 320). Q7)

Then, if a, b, ¢, ... are different values of f, and if, for convenience of
printing, we write
: A. = B,/(2r)! (18)

we have 4 = A“+ [_Alaﬂh +}\ a*hiz "'—)\sa“h"z"‘i-.. ]: 5;,),.‘
A= A+ [ =\ D% + AR "'-—A,b“h“z'+...]Z:::' )

A=A.+ [ -\ R +)\,c‘h‘z""—)\,c"l 2+ .. ]

z=, ‘lu

J

Multiplying these equations by p, g, 7, ..., and adding, we get

(p+g+r+..)A =pdA,+qd,+rA.+...
.+ [—(pa’+qb’+'rc’+ DA
" __ L=y,
+(pat+gbt+oct+ . )RS — ]I (20)

y=ap

Hence, if taere are ¢ factors a, b, ¢, ..., and if we take p, q, 7, ..., to
satisfy the equations
pdt g+ +...=0

pat +qb* Hret +...=0
. , (1)

pa25-2+qb2i-2+7.nﬂ-2+"' —_ 0

we have

(p+gt+r+..)A=pA.+qds+rA.+...

[ pargprbr .y B i 42
1" da

ax T=Tgy
s+l 20+2 242 2i+2 l‘l ‘2n’2 [}
() gttty ) e e d CE T )

A =PAtgditrdct .. (23)

Thus, by using
ptag+r+ ...

as an approximate formula, we introduce an error which only involves
differential coefficients of z from the (2{—1)th onwards. O, if we
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regard the differential coefficients as expressed in terms of differences,
the error introduced depends only on the (2{—1)th and higher differ-
ences.

The equations (21) give

L. L. . @@ .. B ) ..

poaT vt (F=a) (=Y ... (29)

and, in particular, for ¢ =2,
pig b —al - (25)
Substituting from (24) in (23) and (22), we get the approximate
formula and the ervor in the approximation.
5. The following are some special cases, ¢ being taken equal to 1
throughout.
()Y m=M@); a=1, b=2. Simpson's rule.—
pig:itd:—1,
A=3(4,—4) = 4,+%(4,—4,).
(ii.)y m=M@3); a=1, b=3. Simpson's second rule.—
piqg:9:—1,
4 =3094,—4,) = 4,+5(4,—4,).
(i) n=MM4);a=1, =2, ¢ = 4¢—
pigirii64:—~20:1,
A = 75 (644,—204,+ 4,) = 4,+§ (d,— 4,) — g5 (4, —4,).

This is equivalent to the continued repetition of the formula for the
area of a curve in terms of five equidistant ordinates [Boole and
Moulton, Iinite Differences, p. 47, formula (21)].

(iv) m=M®);a=1, b=5—
pig:25:—1,
A =3 (254,— 4;) = A, +5% (4,— 4;).
(v) m=M(6); a=1, b=2, ¢ =3.—
pigir1ldi—6:1,
A =5 (164, —64,+4y) = 4, +3% (4,—4) — 35 (A4,— 4,).

This is Weddle’s rule.
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(vi)ym=M@®6);a=1,b0=2,¢=3, d=6—
p:q:fr:é :: 1296 : — 567 : 112 : —1,
A = 535 (12964,—-5674,+1124,— 4,)
= A, + 52 (4, —4y)—F& (43— 4,) + 535 (4.~ 4.
(i) m=M@B);a=1,0=2,¢=4, d=8—
plqgirisii4096: —1344:84: —1,
A = 5gtes (40964, — 13444, + 844,— 4,)
= di+35 {3 (A= 4,) =35 (4= A)} + 55 (4, — 4y).
(viii) m=MN(9);a=10=3, ¢ =9—
pigiri729:—-90:1,
A = ghg (7294, =904+ Ag) = A+ (1+3) 3 (4,— 4;) — gig (4,— ).
(ix) m=310); a=1, b=2, ¢c=5—
prgir175: -50:1,
A =335 (1754, - 504,+ 4,) = A+ (1 +3) 3 (4, —4y) —1h5 (4:—4p).
x)m=MN10);a=1,0=2 ¢=35 d=10—
pigiris 70000 : —20625 :528: —7,
A = 35555 (700004, — 206254, + 5284,—7A,,)
= A+ (G- —79) (hi—4y) — 185 (43— 4) +71'5s (4 — 4y).-
L) m=M12); e=1b=2¢=3, d=4—
pig:ris:b6:—28:8: ~1,
A = 3 (564,—284,+84,—4,)
= A+ (4,—d) =3 (A, — 4) + & (4,— 4,).

This is very convenient for purposes of calculation.
i) m=M12);a=1,0=2c¢c=3,d=4, e=6.—
piqirisitr 1728 —945:320: —54: 1,
A = 1555 (17284, 9454, 4 3204,— 544, + 4,).
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(xiii.) m=MQ1d); a=1, =3, c=5—
prgiri150: —25:38,
A = 135 (1504,—254,+ 34;).
6. To illustrate some of these formulm, let us take

m =12,

1
and A= [ Az .
ol+z
The true value of this integral, to ten places of decimals, is
A = 69314 71806.

The thirteen ordinates are

x M x F

0 1-00000 00000 7/12 | 63157 89474

1/121 92307 (9231 8/12 | +60000 00000
2/12 85714 28571 9/12 57142 85714
3/121 -80000 00000 (|10/12 | -54545 45455
4/121 75000 00000 {{11/12 | -52173 91304
5/121 70588 23529 ((12/12 [ -50000 00000
6/12 ‘666606 66667

These give A, = 69358 08329,

A, = ‘69487 73449,

Ay = 69702 38095,

A, = 70000 00000,

A, = 70833 33333 ;

so that we have
Formula. Value of A. Error x 1010,

(i) (Simpson’s rule) ‘69314 86622 + 14816
(ii.) (Simpson’s second rule)| ‘69315 04608 | 432802
Ti. 69314 72535 + 729
(v.) (Weddle's rule) 69314 72234 + 428
(xi.) ‘69314 71846 + 40
(xii.) ‘69314 71816 + 10

265
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7. In using rules such as Simpson’s, we get rid of the terms in 2,
but at the expense of increasing subsequent terms; thus, if the
factors are 1 and b, the coefficient of L%"' is altered from A; to —bA,.
Similarly, with Weddle's rule, we get rid of the terms in 2 and 2",
but, if the factors arve 1, b, and ¢, the coefficient of 2%" is altered from
—Ay to =0,

If, therefore, we know—as in certain cases we do know-—that the
bounding values of 7, and perhaps also those of 2 and 2", are zero,
the best value to take is 4,. The use of Simpson’s rule will usually
lead to & worse result; and the effect of Weddle’s rule may be still
worse. It may happen, however, that the bounding values of 2' are
known to be zero, and that nothing is known about those of 2" and z".
We should then modify our formule by taking p, g, 7, ... to satisfy
the equations

pat +gbt4rct +... =0
pa® +qb® +7c® +... =0

pat 4 qb¥+rc¥ 4. =0/

which would give

117 : % L @ @) B P (B
Lict(P=al)(B=bY) ... s
and so on.

II. Bquidistant Mid-Ordinates.

8. In some cases the known ordinates are not the bounding ordi-
nates z, z,, %3, ..., Z, but the intermediate ordinates g3, 2, ..., Zm-4-
To express the area in terms of the latter, we have, by (11),

/ B 1 T=Jy,
A =h(3z+2z,+2+ ... 2, +32.)+ [_%ksz + I!ﬁh‘z _ "':L,:,n’
and, taking intervals 4h,
4= %h (%zo+zl+zn+z§+ oee +Zun—}+%2",)
B , B, P =2,
+ [" i g M ’“']w:.rn‘

Multiplying the second of these formule by 2, and subtracting the
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first, we get
A=8+ [(1-1/2)%»5—(}_1/23)%;&5"

. B‘ Y =3,
+(-1/2) 28 —...]W, (26)

where Sy =k (z+23+ oo+ 2m-y). (27)

The leading term in square brackets in (26) is half the correspond-
ing term in (12), and therefore, if these terms are not eliminated, the
use of mid-ordinates will generally give a better result than the use
of bounding ordinates. But the mid-ordinates not convenient for
more accuarate formulm. The reasoning of §4 applies, but it is
necessary that the factors a, b, ¢, ... should be odd numbers. Thus,
if m is a multiple of 3, Simpson’s second rule applies; so that

A4 =8+}%(5—8)
gives a better result than 4 = §,, where

Sﬂ = 3h (z;+zy+ .o "‘Znu—g).

I11. Miscellaneous Formulse.

9. Various methods have been devised for getting rid of the terms
in z’ in the Euler-Maclaurin formula, or in the corresponding formula
for mid-ordinates, so as to retain the trapezoidal rule as the main
basis of caleculation. Thus, in Parmentier’s rule, the ordinates taken
wle z), 5y, 2y, ...y Zm—-y, and also z, and z,. The values of k2’ are
then taken as equal to z;—2z, and 2,—z,., respectively, so that the
formula becomes

A= Sl+'1!2'h (zo_z.—ztll-j+ztrn)' (28)

This, however, is not a very good rule; for, ulthough it gets rid of
the terms in 2’, it introduces terms in z”. These latter terms can be
kept out by a slight alteration in the formula.

10. Let Zym

denote the mid-ordinate of the whole area, the magnitude of this
ordinate not being necessarily known. Then, if we take two ordinates

Zim@-an  Zpm(l+a
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at equal distances from z,,, and if we write

z = f(2)
and imhdfdz = D
we have

z‘ml_l ~a) + zlm (1+a)

= f (#yu—3mah) +f (yn +$mah)

= 2 cosh aD. f (2,.)
ooeh aD— =T
=2f (""")+[ sinh D “f= ﬂz—zu

98 __ 4 -
= 2z, + [2‘ Fmhs’— ""'4!—“- Gmh)*z"" + Z.——t?t5~+u (3mh)z"
_ 1240*—98a* + 284°—34°

1+ =t 1 Ty ._"“'_ 29
381 (3mh)? <" + ].v:a-“ =9

Taking another pair of ordinates
Zym (1-8) Zym (1480

we get o similar formula. Eliminating 2, between the two formula,
we find

Zym(1-a1" 2 (1- A= Zimn+n+2m (1+a)
_ 3 22 203 4
= (at—0%) [%mhz’ (;;:-13 ) 22 4 7=5(a’ +b‘))3‘z§; +a¥5 +5) m bz
_124-98(a*+ ) +28(a'+a% +3)=8(a" +B*)a' 48, 112w, ]=
1548 )580 =4y '
(30)
This formula can be used for eliminating the terms in 2, 2/, ... from

(11) or (26).. Thus, if we take two pairs of ordinates, we should
get as our approximate formnlwe

A =nh(Gzy+o+n+ . Foa,+32.)

1 .
- :—3—5:(5,-:*[5,“)*’5 (%m (1-a) ™ Zym 1-8)™ 2 (1 fﬂ)+z‘m(l4¢))) (31)

A=h (z;A+z.;+z;+...+Zm-;)

1
6m (n ‘3,) (Zpu(n-.)"zpuu~m"z;m(um+zg.n(l..))- (32)
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Or, if we take three pairs of ordinates, we shall get
A = h (i’zo+zx+zg+ : +zm l+‘%’zm)
_2-4/(6md) - (B +4) e
I (a jﬁzm -Yq)— b (Zima1-o F 2t em)
o o

237:(5521'2,)(.(; +e;)l (Z4m 1-n + B e )r (33)

o) (F1ma-a+2pmasae)

A=h(n+zm+a+...+2u-})

2—7/(5m*)—(f*+ ‘y’)h
6 (a®—3*) (a®—y?)

2T/ (5=

6m (3" — ") (B*—a®)

2—7/(5m®) —(a’+ )
6m (Y —a?)(y*—3?%)

1f we take only the two pairs of ordinates, « and 3 should be as
nearly equal to 1 as possible, in order that the new term in z"’ may
he as small as possible. Thus, if we only know the ordinates z, z,,
.y Zmy WO have a =1, 8 =1—2/m, and (31) gives

(zlm(l -a) + z]m (l+cl)
tal),, (Zma-ot2ma.m)

B(fma-ptamaen)  (34)

A= A=y =0 b (B =1 2)- (35)

Similarly, if we only know the mid-ordinates, we have a = 1—1/m,
B =1-=3/m, and (32) gives

A Sl+'§? h (Z‘—Z‘—'Zm-g'*'z"l-i) (36)

In the same way, if we know the bounding ordinates z, and z,,_, and
the extreme mid-ordinates z, and z,_;, we find

A=A~} %2;!’_1—1— b (2g=23=2m -3+ Zm)s 37
A -_-—S|+11722—n‘ii9j71‘h(zo_z‘—znl-|+zlll)' (38)

This last is a simple modification of Parmentier’s rule, and it will be
found to give decidedly better vesnlts.
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Similarly, from (33) and (34), we can get a number of formulw, of
which the following are examples :—

=4,~ m (L5m — 26) o ,
A= Al 1‘%‘6 (“'—m_lmh (zo 2y z"!_l.*.zm)
m (5fm- 6)

T g (m—2)(m—3)

m (80im—177)

A=8+35k~ (m—2)(m=3)
m (40m—57) ,

(m— 3)(m—4)

m (30m—29)
SRR vy Ty

h ("l zm-a""zmq)y (39)

h(z,}—z Zm...g'*'z'u—g)

(Z’-Z'\ Z,n-§+zm—ﬂ)’ (40)
h (Zo—zl7zm.i—'zm

m (10m—9) L
YO s Em—gy AT AT ), ()

_ m (40171.—57)
A=8itds, (em—1)(2m-3)

m (dm—6)
~1ko (m—2)(2m—3) .

h (Z HB=2u-} +‘zlll)
h (Zl Zg-,-Zm-g-I'zm...;). (4‘2)

‘The method can, of course, be extended to any number of paivs of
ordinates. Thus we should get, for three pairs,

mh { 763m?—3444m + 3636
5040 { (m—1)(m =2)(m—3)

_4 (119m 504m+432) (s
m—=2)(m—3)(m—4) A=

133m*® -~ 462m + 360
(m—3)(m—4)(m~>)
mh_ (9842m*—53970m 470407
+ 80640 { : (171—W1;L:_3;(7n—4)_ (E—~2y~2u-3+2u-4)
_ 96040m* — 460321 + 45810

T (m—3)(m—4)(m—>)

3122m*—12222m +10935
(m—4)(m=5)(m—6)

A=d-

(_zo— 2\ =2, + zm)

zm—g 4'.2,,, - 1)

(23— 25— 2m-3+ 2u-3) } , (43)
,A. — S
(zi zm—ﬂ+zm_g)

(53— 23— 2m-3+2u-y) }
' (4+4)

These formule look clumsy ; but the coefficients can be calculated,
and their values tabulated, for various values of m.
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11. The formule obtained in the last section are quite different in
character from those obtaned in § 4; but both sets of formule, and
all other quadrature-formule depending on symmetrically-placed
ordinates (whether equidistant or not), can be comprised in one
general relation.

Taking, as in § 10, two ordinates
Zym(1-a)y  Zgm(lea)s

we have, with the notation of that section,

ik
A=(" fan+0)d0

. —jmh
inh D
= ‘n‘Lh EEI—ID‘_f (w]ul)
) nE=x,
= mh coshaD nf (mlm) +—%’n’h [(%— - 9:;};{‘5[1 ) f (3‘)J::=:

= —i—mh (z‘,,.u-.]‘i'zim(lu))
-2
(10 iy = T2 E I Gy

31—147a*+105a*—21a® /; .o, T¥=é
+55 5 (3mh)® 2 ]= (45)

Replacing a by B, v, ..., we get a series of different expressions for 4.
Multiplying these by p, q,7, ..., adding, and dividing by p+q+r+...,
we get a general expression for A in terms of o series of pairs of
ordinates, symmetrically placed about z,, with terms involving the
bounding values of 7/, z'’, 2", ... ; and the values of p,,q, 7, ... can be
chosen so that the coefficients of these latter terms shall satisfy given
conditions.

Thus, to get rid of the diiferential coefficients of z up to the
(2¢—1)th inclusive, we must take p, q, 7, ... to satisfy the first { of
the equations

p (1—38a%) +q(1-38% +r(1-3y%) +.. 1
P (7—30a’415a%) + ¢ (7—3087+ 153") ++ (7—30y*+ 159) + ... = J .

(46)

We have, therefore, as an approximate expression for the area,
A= %‘m'h {P (Zgn.(l-.)'i'z;,q(xo'.)) +q (ng u-a)+z|m(np))
+7 Gna-ptamac) +o}y  (47)
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where p, ¢, 7, ... satisfy the first 41 of the equations
P +qg +r +..=1)
pa+gF+ryi+ ..
pat+gBi+ryi+...
pa+ g +ry0+ ..

I
o oot Wi

(48)

J

The formula (47), with the condition given by (48), comprises all the
formule given in the preceding sections.

12. We have assumed, in the last section, that the values of
a, 3, v, ... are known. Suppose, however, that thesv are arbitrary,
and that there are n of them. Then there will also be n of the co-
efficients p, ¢, 7, ... . These 2n quantities can be. determined so as to
satisfy the tirst 2n of the equations (48); and, using them in (47),
we shall get an expression which agrees with 4 up to the (4n—3)th
differential coefficient of z. The first differential coefficient which
will appear will be the (4n—1)th; and, if z is of the (4n—1)th
degres in @, this differential coefficient will be a constant, and there-
fore will vanish when taken between limits. Hence, if z is of the
(4n—1)th degree in z, or of a lower (integral) degree, we can obtain
an accurate value for the area by choosing 2n suitable ordinates.
Similarly, if z is of the (4n+1)th degree, or of a lower degree, we
only require 2n+1 ordinates. This is Gauss’s well-known theorem.

IV. Eztension to Calculation of Volumes.

13. The method of §4 may be extended to the calculation of
volumes. Suppose that a volume stands on a rectangular base, the
sides being mh and nk, and that it is divided by m—1 planes at dis-
tances % in one direction and n—1 planes at distances % in the other.
Theu the ordinates which we have to take may be either the edges
of the mn constituent prisms, or the mid-ordinates of the faces in one
direction, or the centinl ordinates of the prisms. Generally they will
be the edges of the prisms, and they may be denoted by

Zy,0 21,0 230 e Zuyuy

Zo,1 Z,1 %31 eee By

20,0 Zl'” 2,0 vee Zune
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Let V;,, denote hk times the sum of these ordinates, taken with
coefficients

ERE Y
3111 1 4
3111 1}
3111 .1 3
SRR IEE

Then the true volume V will differ from V), by a rather complicated
expression, involving the differences of bounding values of certain
differential coefficients of the ordinate 2. It is not necessary to write
down this expression ; we need only note that it consists of

(i) terms in A%k %,. h!kﬁi%, h“:;—‘
(ii.) terhs in h# %;-, hk'%;, "”,ﬁ?, ,
(ifi.) terms in A% d'fi;y ox 3% T (h’"‘—l;
S
B

&e.

Now let b and 3 denote any factors of m and of n respectively, and
let V1, Vi, Vi, denote the different values of V,, obtaineéd by
ultering the intervals from A to bk or from k to Bk. Then we may

ke y=rYutaVutrh,+sb,

49
pPHqtrts (49)
ag A more accurate value of the volume, and get rid of the terms in
dz  dz d*

da’ c—i_z—;‘ Edy ’
provided p, g, 7, s satisfy the equations
p+qbi+r +sb’8 =0
p+ab +rF+sbf =0 . (50)

pHqbl4i3t 45633 = 0
VOL, XXXI1.—N0, 727, T
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These equations give

piqirign b= ~p:1;
so that our approximate formula is

V= VRV, BV — bV, s+ T, 3

=D F=1) 1)
If, for instance, b = = 2, we have
V———% (16V|'|-—'41V2‘]—4V1'1+ V2,‘1)) (52)

which is Simpson’s rule, applied to volumes.

14. To get more accurate formulm, by using a larger number of
factors of m and #, we might proceed in the same way, and write
down the equations corresponding to (50). But it is not necessary
to do this. The coefficients in (51) are the coeflicients of the pro-
ducts of 4 and 4’ in the expression

Vd,—A, BA|— A,
-1 g1
the first factor of which is the formula giving the area of a section
in one direction in terms of the ordinates at intervals % and the ordi-
nates at intervals bh, while the second factor is the corresponding
formula for a section in the other direction, the intervals being k and
Bk. This rule can be extended, as follows :—

The true value of V' is

(U inh 1mhd/dz sinh inkd/d;
dedy = 810 gm 3 Y . 5
j’o j% Fenty dfdw d/dy Za e (53)

Now let a, b, ¢, ... denote any factors of m. Then, if we express
each side of the formula (22) as the result of an operation on the
mid-ordinate z,,, we see that

sinh 3mh d/dz

djde
— {p.ahy.,.a‘,, +q.bhpyoytr.chp, o+ ...
' prg+r+...
ype b ey By gy 470
pHgtrt.. (2:)! da¥!
_ I_’]pazioz+qb2£¢2+701i+2+... Bi., B Jrn }a -
=  pratr+.. (2i42)! dm"‘"+"' "

+(—

(54)
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where u, 8, ¢ denote the central-difference operators explained in a
previous paper.* These operators are defined by the relations

et (@) =} {9 (e+3fR) +9 (2—4fh)§
49 (z) = ¢ (z+3/h) —¢ (z—3fh) )
&as9 (x) = ¢ (2)
whence, if f is a factor of m,
w0 (2u—20) = 3+ 5+ ot e+ 2mopt S0

Similarly, if a, 3, y, ... are j factors of n, and if y’, &', ¢’ denote the
operations u, 8, o, performed with regard to y, we shall have a
formula

vinh $akd/dy _ { plakpotq Bhpagat el v oyt ...
dfdy P g 4+ ...
v guet

+ terms in d_:]/i!—'i' d’[j’g:" y ees } a,’., (55)

where p’, ¢, 7/, ... satisfy equations similar to (21). If, now, we sub-
stitute from (54) and (55) in (53), the two sets of operators p, o, &
and g/, o, & will combine with one another, and with powers of d/du
and d/dy, according to the ordinary laws of algebra, and we shall
have, as an approximate formula,

v = P.alp,g,+q.bhpontr.chp,o ...
pEq+TF .
x P a/cu,',rr,"+q::f5ku;¢r;+'r'. yhp, o+ ..
e+t

= {pp' Ve et g Vot 01’ Voy t o

+9p' Voot 90 Vo, o+ 7' Vs, ...

+1p' Voo +rq' Vo g+ or'Vor+...
+.. 3/ (prgtr+. )P+ +r+ ), (56)

theratiosp:g:ri...andp :q 12" : .. beinggiven by the equations

: Bm 6:| zlm.p.

pa - +qb® o +..=0

p-u‘ +qb* et +...=? 57

Pttt gb¥ -4 ... =0

“ I'roceedings, Vol, XxxxI1., p. 449.

T2
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and pat +q¢B +ry +...=0
’ 4 +14 +,r'l +“.=O
Pf' qB Y ' (58)

Pa¥ i g'BY ¥4 =0

Suppose, for instance, that m is a multiple of 4, and n a multiple
of 6, and that we take (iii.) of § 5 in the one case, and (v.) (Weddle's
rule) in the other. Then, developing the product

644,—204,+ A4, 154;—64;+ 4
45 . 10 '

we find, as our approximate formula,
V = 315 (9607, ,—384V, ,+64V, ,
—300V,,,+ 120V, ,—20V,,,
+ 1V Vet Vo). (59)

15. In the last section we have only considered the case in which
the given ordinates are the edges of the constituent prisms; but the
method applies equally to the other cases, subject to the limitations
pointed out in § 8. Thus, if the ordinates are the central ordinates

Z'lh i Zir* Zav‘} b ;m-'ll 1

% “hi 2,4 e Tm-,}

z;.n-u} L8 n-1 z;, n-} .o Zm-a,n-i

and if W,, denotes hk times the sum of these ordinates, we shall
have a formula :

V={ppWaitpg W,et+p' W, +..
+9p Wi at 90 Wi s+ @' Wiy + ...
+rp' We,atrg' We g+’ W, + ...
+o 3 (pHatr+ . )P+ ), (60)

the ratios p:q:7: .. and p’: ¢q' : 7 : ... being given, as before, by
(57) and (58); but the factors «, b, ¢, ... and a, 8, ¥, ... must all be
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odd, Similarly, if the ordinates are

20,3 21,4 %2, 4 s Omy

%8 g P2y e Fmgy

- .
.
.

Zo,n-4 “Ln-} Foa-p o Fmon-g

the factors of m may be odd or even, but the factors of » must only
be odd. The coefficients by which the respective ordinates are to be
multiplied in this latter case are

111 .13
3111 13
311 .1 %

Second Complément & I’ Analysis Situs. Par H. Porncari., Read
at request of the President, June 14th, 1900, and received
June 30th, 1900.

Introduction.

J'ai pnblié dans le Journal de I'Ecole Polytechnique (Tome ¢, N° 1)
un travail intitulé * Analysis Situs”; je me suis occupé une seconde
fois du méme probléme dans un mémoire portant pour titre ** Com-
plément & 1’Analysis Situs,” et qui a ét¢ imprimé dans les Iendiconts
del Circolo Matematico di Palermo ('Tome xti1, 1899).

Cependant la question cst loin d'étre épuisée, et je serai sans doute
forcé d’y revenir & plusieurs reprises. Pour cette fois, je me bornerai
A certaines considérations qui sont de nature & simplifier, & éclaiveir
et & compléter les résultats précédemment acquis.

Les renvois portant simplement une indication de paragraphe ou
de page se rapporteront au premier mémoire, celui du Journal de I’ Ecole
Polytechnique ; les renvois ol ces indications seront précédées de la
lettre ¢ se rapporteront au mémoire des Ieendiconts.





